
E L E C T R O O S M O S I S  IN  L A Y E R E D  P O R O U S  S Y S T E M S  
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Regular i t ies  of e l e c t r o o s m o s i s  in b i l aye r  d iaphragms  a re  invest igated.  Fo rmula s  descr ib ing  
the change of ra te  of the p r o c e s s  in compar i son  with e l e e t r o o s m o s i s  on a homogeneous d ia-  
ph ragm a re  obtained. The calculat ion resu l t s  a r e  conf i rmed by exper imenta l  data. 

The p rac t i ca l  use of e l e e t r o o s m o s i s  fo r  dewater ingand stabi l izing soi ls  and for  displacing one liquid 
by another  is p re sen t ly  being invest igated widely [1-4]. Exper imenta l  data obtained with l ayered  soi ls  a re  
given in pa r t i cu l a r  in [4]. However ,  the r e su l t s  of theore t ica l  invest igat ions as applied to rea l  complex 
s y s t e m s  a r e  lagging cons iderab ly  behind p rac t i ca l  r equ i r emen t s .  

We will invest igate  below e l e c t r o o s m o s i s  of the liquid in horizontal  porous  s y s t e m s  consis t ing of two 
s u c c e s s i v e l y  posi t ioned l aye r s  with a different  nature  of t h e  su r face  or  s t r u c t u r e  of the pore  space  (Fig. 1). 
The value of l i is much g r e a t e r  than l c r  i [5]. * The external  e l ec t r i c  field is applied on the ent i re  sys t em.  
The flow ra te  of the liquid through the b i l aye r  d iaphragm is r ega rded  as  being composed of a number  of 
components .  We will take at f i r s t  the case  where  the l a y e r s  differ  by the nature  of the sur face ,  the signs 
of the f -po ten t i a l s  of the l aye r s  a r e  the same ,  and the di rect ion of the flow during e l e c t r o o s m o s i s ,  f o r m u -  
la ted according  to the c lass ica l  scheme on each  l aye r ,  co r respond  to the posi t ive direct ion oz. We will 
d i scuss  the resu l t s  of the effect  of m a s s  fo rces  in each l a y e r  of the double d iaphragm separa te ly .  The 
effect  of the m a s s  fo rces  a r i s ing  on applying an externa l  e l ec t r i c  field in l aye r  l i g ives  r i s e  to the a p p e a r -  
ance of p r e s s u r e  d i f ferences  and flow components  s i m i l a r  to that which occurs  during inhibited e l e c t r o o s -  
mos i s  [6]. The e lec t r i c  fo rces  appear ing  on applicat ion of the external  e l ec t r i c  field in l a y e r  /2 also leads 
to a flow component.  Due to it and the inhibiting effect  of l a y e r  l i (according to our  conditions it is located 
behind the now "act ive"  pa r t  of the diaphragm) a p r e s s u r e  drop a lso  appears :  the liquid is,  so to speak,  
"absorbed"  into l a y e r  ll- The p r e s s u r e  (p) on the end of the d iaphragm AB should be g r e a t e r  than at the 
boundary of the l a y e r s  CD. Since on the second end EF it is again equal to the a tmosphe r i c  p r e s s u r e  (a 
p r e s s u r e  d i f ference  is not applied f rom the outside),  a p r e s s u r e  drop obviously also occurs  in l 2 which 
inhibits the flow caused by the effect  of the m a s s  forces  of l 2. As a r e su l t  new flow components  occur .  The 
total  component  of the flow due to p r e s s u r e s  can be considered as caused by two p r e s s u r e  drops:  one in 
ll(Apl) and the second in /2(•P2). Since the s t ruc tu re  and e lec t r ic  f ields in each l a y e r  a r e  considered uni- 
f o rm (l i > l c r i ) ,  the change of the p r e s s u r e  grad ien ts  occurs  at the boundary of the l a y e r s .  The values of 
s  and AP2 depend on the magnitude of fo rces  of each l aye r .  However ,  we can say  with ce r ta in ty  that  

hpl = -- Ap2. (1) 

The resu l t s  obviously only change quanti tat ively if the ~-potent ia ls  of the l aye r s  have different  signs or  the 
chemica l  nature  of the l a y e r s  is the s ame ,  but the ave rage  radii  of the pores  differ  so much that  the effect  
of the double e lec t r i c  l a y e r  is fel t  on the magnitude of the e lec t r i ca l  conductivity of the solution in the pores  
a > l .  

To de te rmine  the r egu la r i t i e s  of the e l ec t roosmot i c  movement  in our  d iaphragms ,  we will invest igate  
it for the modeled sys t em:  a bundle of identical  cyl indrical  hor izontal  cap i l l a r i es .  The different ial  equa-  
t ions of motion in one cap i l l a ry  have the fo rm [6] 

*The quantity l i denotes the genera l  f o rm of notation of the lengths of l a y e r s  1 and 2 (see Fig. 1). Such a 
united fo rm of notation is used fu r the r  for  all  pa i r s  of va r iab les  or  pa i r s  of equation differ ing only in in- 
d ices .  
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Fig. 1. 1, 1') P r e s s u r e  drops  due to the effect  of m a s s  
fo rces  of l a y e r  l 6 2, 2') to the effect  of m a s s  fo rces  
of l aye r /2 ;  3, 3 v) total  p r e s s u r e  drops  in d iaphragm.  

r-- 7 " d r - ~ ' ~  dr, r, - -  4rt~ " r-- 7 " dr--~-~ ~ dr, r ~ = C i , (2) 

1 dp i hp~ 
- -  = - C ~  ( 3 )  

~l dz l~ 

C i is a p resen t ly  unknown constant  fo r  l a y e r  i. The subscr ip t  i of r signifies that  the coordinate  sy s t em is 
fixed for  the given capi l la ry .  According to [8, 9], ~0 i is de te rmined  by the express ion  

I o (• (4) 
~i = r io (xR,) 

The genera l  f o rm of the solution of Eq. (2) with considerat ion of (4) is 

r~ eE~i Io (• (5) 
vi = Ci --4- § C~+1 In r, + C,+~ + - ~  ~ni io (• 

The constants  of integrat ion Ct + 1 and C i + 2 a r e  de te rmined  f rom the boundary conditions: 

r~ ~- O dvdd q = O; r i=R~ v , - 0 .  (6) 

Taking into account  (1) and (6), we obtain f rom (5) the express ion  for  v 1 and v 2 with an accu racy  to the un- 
known C 1: 

r~ R~ eEzl  @ s l ~ 2 1 5  (7) 
vl = C1 -~-  -t- Cx 4 4n~l ~n~ 4z~ ~m Io (• ' 

v ~ = - - C  1 l - ~ - ~  -~ C1 i S 4 
eEl, eel2 ~ Io (• 
4~1 q)R2 + 4~1 ~2 lo(• ) 

We use the thes is  that  the volume flow veloci ty  in any section of the d iaphragm (qdo. d } should be the same .  
The value of qdo. o is de te rmined  by the express ions :  

R, R= 

SW,  2~rlvldr 1 _ 2~r2vflr~" (8) 
ado. d = r/R~ ~R~ , 

0 0 

The dee r ea se  of the flow veloettY with an inc rease  of ~ can be r ep re sen ted  as the resu l t  of a cor responding 
d e c r e a s e  of the ~-po ten t ia l .  
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TABLE 1. Characteristics of the Diaphragm and Relative Rates of 
Electroosmosis on Diaphragms with Layers of Different Structure of 
the Pore Space 

< ~'a 'g x 

I68/54 

168/50 

168136 

168/17 

152/86 

152/63 

152/41 
152/27 

152/10 

~/16 
54/8 

/ 1 = 5 6  
l, = 1:9} 
l 2 = 5,4~ 
l~ = 1,41 
l 2 = 5,6[ 
l~ = 1,4J 
12 = 5,8)  
l~ = 1,2] 

3 5  
1~ = 1:5} 

3 5  
I z = 
12 = 3,5~ 
l= = 1,01 
',:= = 

3 

46,6 

46,6 

46,6 

46,6 

42,0 

42,0 

42,0 

42,0 

42,0 

14,9 

14,9 

% 
,2 

17,8 

13,8 

10,1 

4,6 

23,9 

17,4 

11,5 

7,4 

2,8 

4,1 

2,3 

- -6 ,2  

" 6 , 2  

- -6 ,2  

- -6 ,2  

--10,3 

--10,3 

--10,3 

--10,3 

--10,3 

--15,5 

--15,5 

x.o 

~6,2 

--6,2 

--5,6 

--4,3 

--10,3 

--I0,3 

--9,3 

--8,5 

--5,7 

--9,5 

--7,5 

Note. The current in al l  experiments was (2.5-3) x 10 -~ A, and the 
vity of the free solution was 9.8-9 x 10 -a m -~ a ' l ,  

J 

�9 .9 v-~ 

1,1 1,00 

1,1 1,00 

0,98 0,94 

0,75 0,71 

0,95 1,00 

1,0 1,00 

0,87 0,90 

0,90 0,89 

0,63 0,56 

0,59 0,64 

0,45 0,46 

specific conducti-  

Substituting v t and v 2 from (7) into (8) and taking the integrals, we find Cl, which enables us to obtain 
the formulas for the pressure gradients and drops, linear flow velocities, and volume flow rate according 
to (2), (7), and (8): 

dph { W 1 gEz2~RI [ 2 j l  (NR1) ] 
dz = 2  ~ . ~ - -  i + ~ . io(• j 

2 12(uRn) ]I {R~ W1 tl -2] 

dp ] dp t, 12 dp h 
zxpl, ' = 11 - 7 2 z .  d-7 = l= " d-7 ' 

l WleE**~PR1 2I,(• .] 

]}( ,1 
4axl] -}- 4n~l Io (• ' 

eE*2qDm [ -  1 + 211 (• 
4#)1 • (• 

eE~2q~m [ _ l  + 2 I2(• { ~ W l t I 2) -1 4~1 • ~ J J  ~R'--~2 + -~-2 R2 eE~2q~m eEz~q)~2 I~215 
4ml + 4m] lo(• ' 

W~ 4n~l • Io (• 

eE~2q~ [ - - 1  + 2 I2(• (W:t l 1 R~) -l eE~lcpm I 
4a~l • I o (• ~ + t--~-" R--~- 4r~l 

1 2 12(• ]} , 
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41 



TABLE 2.* C h a r a c t e r i s t i c s  of D iaph ragms  and Re la t ive  Rates  on 

D i a p h r a g m s  wi th  La  ~ers Dif fer ing  in the N a t u r e  of the Surface  

�9 m qratl qratl [ qrat2 
Characteristicsofdiaphragrr h-re'. Is.10'. m (exptl.) (acc.[11]) to [ (exptl.) 

Object No. 1: quartz 

1.9.10-~m 
Object No.2: decomposition 

product of PM~-2O0 
~IH = - 18.~.0" V 
P~ = 1.8.10 "~ m 

Object No. 1: quartz 
~IH = - 42.10-~ V 
R 1=3,2.10 -sm 
Object No.2: decomposition 

product of PMS-2ff0 
~H = - 15.10 -~ V 
R~ = 1.8.10 -6 m 
Object No. 1: .quartz 
~IH = - 42.10 "~ V 
R 1=3.2"10 -6 m 
Object No.2: decompositior 

product of PMS-200 
r = - 23"10"3 V 
R2 = 2.5"10 -sm 

0 1,00 
4 0,79 
6 0,61 

6 0,56 
8 0,41 
6 0,25 

1,00 
O, 50 

6 0,45 

9 0,45 
8 0,40 
6 0,36 

0 1,00 
6 0,69 
6 0,55 

1,00 3,9 
0,73 3,1 
0,67 2,4 

0,61 2,2 
0,49 1,6 
0,25 1,0 

1,00 2,8( 
0,56 1,4( 
0,50 1,2~ 

0,46 1,27 
0,44 1,1s 
0,36 1,0s 

1,00 1,82 
0,61 1,2~ 
0,55 1,0C 

q r a t2  
( aCE.  tO 
[123) 

3,9 
2,9 
2,6 

2, .4 
1,9 
1,0 

2,80 
1,38 
1,30 

1,30 
1,23 
1,00 

1,82 
1,10 1,00 

* L. P. Kuzenkov participated in the experiment. 
Not e_ The current in all experiments were (2.6-3.5) x 10 -3 A, and the specific 
conductivity of the free solution was 1,3 x 10 -z 2-1 m_l. 

In  the case  of su f f i c i en t ly  wide  c a p i l l a r i e s  (~,~R i > 5-10 [7]) the second  t e r m s  in al l  b r a c k e t s  of Eqs .  
(9) can be neg lec ted ,  as  a r e s u l t  of wh ich  the equa t ions  become  c o n s i d e r a b l y  l e s s  c u m b e r s o m e .  In  addi t ion ,  

u n d e r  t hese  condi t ions  ~0R1 = ~l and ~0R2 = ~2- In  the e x p e r i m e n t s ,  the r e s u l t s  of which  a r e  g iven  below,  
the  l a s t  cond i t ion  was  met .  We need ind ica te  a l so  that  the e x p e r i m e n t s  w e r e  c a r r i e d  out on powdered  
d i a p h r a m s ,  the p a r t i c l e  s i ze  in each f r ac t i ons  v a r y i n g  wi th in  n a r r o w  l i m i t s  (the e x t r e m e  va lues  d i f fe red  

by  l e s s  than two t i m e s ) .  Thus ,  h e r e  W i = W 2 = W. 

If  the e l e c t r i c a l  conduc t iv i t i e s  of the so lu t ions  ins ide  t he  p o r e s  a r e  the s a m e ,  the l a s t  equa l i ty  p e r m i t s  
a s s u m i n g  Ezi  = Ez2. In  f i n e - p o r e s  s y s t e m s ,  where  the c~ a r e  d i f fe ren t ,  Ez l  ~ Ez2. However ,  t h e i r  r e l a -  
t ion  is d e t e r m i n e d  f r o m  the g e n e r a l  laws of e l e c t r o s t a t i c s :  

E z ~  . =_ ~z__A_~ . 

f z l  ~ 

Since the va lue  of ~ is a s s o c i a t e d  with ~iH by  the r e l a t i o n  ~l = ~ i ~ H ,  i t  is  e a s y  to see  tha t  

~zE~2 ~2H 

~1E~I ~1 H 

(9) as  appl ied  to the s y s t e m s  on which the e x p e r i m e n t s  With c o n s i d e r a t i o n  of the a fo r e sa id  the l a s t  Eq. 
w e r e  conducted has  the fo rm 

1 ~H I * = W S e E ~ I ~ I  . ~ld~__ _ 1 

I 2 1 R 2  
(IO) 

*Using the c l a s s i c a l  concep ts  r e l a t i ve  to the m e c h a n i s m  of e l e e t r o o s m o s i s  and the usua l  cond i t iona l i t y  of 
d e t e r m i n i n g  the pos i t ive  d i r ec t i on  of the e l e c t r i c  f ie ld  s t r e ng t h ,  we can e a s i l y  show that  wi th  our  method  of 
f ixing the coord ina te  s y s t e m  the s ign  of the va lue  of qdo. d ob ta ined  in a c o n c r e t e  case  d e t e r m i n e d  the d i r e c -  
t ion  of the flow with r e s p e c t  to the po les  of the c u r r e n t  sou r c e .  (A pos i t ive  va lue  of qdo. d m e a n s  that  the  
d i r ec t i on  of the flow c o r r e s p o n d s  to the d i r e c t i o n  of mo t ion  of the pos i t ive  cha rge  in an e l e c t r i c  f ie ld . )  
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F o r  the quantity q ra t  i we have: 

1 ~H 

qrat l = 1 - -  ~l:~___ (11) 

1 - -  ~ I . H  

qrat 2 = ~ + ~-H__ . (12) 

The values of q r a t l  and qrat2 give an idea about the acce le ra t ion  or dece lera t ion  of motion in a b i -  
l a y e r  d iaphragm in compar i son  with e l e c t roosmos i s  in l a y e r s  isola ted f r o m  one another .  Exper iments  
on m e a s u r i n g  qdo .d  on double d iaphragms w e r e  c a r r i e d  out on an ins t rument ,  a d i ag ram of which is 
given in Fig. 1. To obtain the double d iaphragms  a column of powder of the s ame  chemical  nature or  the 
s a m e  fract ion was  fo rmed  on a pe r fo ra t ed  plate  2 so ldered  into tube 1. Powder  of another  f rac t ion  or  
ano ther  na ture  was  l aye red  on this column. Both l aye r s  w e r e  located between drains  3 and 4. The m e a -  
s u r e m e n t  of qdo. d was taken by means  of graduated cap i l l a r i e s  5 and 6. As the powder we used f rac t ions  
of polys tyrene;  po lys ty rene  po lymer i zed  with dyes  [5]; quar tz  and the decomposi t ion product  of PMS-200 
polyorganosi loxane  (annealing t e m p e r a t u r e  600-700~ and duration 72 h). In the f i r s t  two cases  the powder 
pa r t i c l e s  w e r e  spher ica l  and in the o ther  cases  i r r egu la r .  An aqueous solution of KC1 se rved  as the liquid. 

F r o m  the powder  with spher ica l  pa r t i c l e s  we fo rmed  d iaphragms  whose l a y e r s  differed only in the 
s t r u c t u r e  of t h e p o r e  space.  Calculat ions of the values  of qra t  1 f rom the exper imenta l  r e su l t s  a r e  given in 
Table 1 (seventh column). Also given the re  a r e  the resu l t s  of calculat ions made according to Eq. (11) 
(eighth co lunm) , fo r  which ~IH and ~lH were  de te rmined  in para l l e l  exper iments .  As the pore  radi i  needed 
for  the calculat ion we used the quantity Req i, which obviously is somewhat  conditional [5]. F r o m  the 
powder of quar tz  and the decomposi t ion  product  of PMS-200 we formed b i l aye r  d iaphragms  with l a y e r s  di f -  
fer ing not only in pore  radii  (the d i f ference  he re  was much l e s s  than in the preceding eases)  but also in the 
values  of the i - p o t e n t i a l s  of the l aye r s .  The c h a r a c t e r i s t i c s  of the sy s t ems  and re la t ive  r a t e s  de te rmined  
f rom expe r imen t s  and calculated by Eqs.  (11) and (12) a re  p resen ted  in Table  2. Here  the ave r age  pore  
radius  was taken for  R i. 

As we see f rom the data in the tab les ,  the a g r e e m e n t  between the values  of q r a t i  obtained f rom the 
expe r imen ta l  data  and calculated by Eqs.  (11) and (12) is comple te ly  s a t i s f ac to ry  (the max imum divergence  
is about 10%). 

Thus it follows f rom the r e su l t s  obtained that  the regu la r i t i e s  of e l e c t r o o s m o s i s  in l ayered  d iaphragms  
d i f fe r  cons iderab ly  f r o m  the c l a s s i ca l ,  cor responding  to flow of a liquid in a homogeneous d iaphragm.  A 
de termina t ion  of t he i r  specif ic  c h a r a c t e r i s t i c s  will pe rmi t  taking into account the change of the flow ve loc-  
i t ies  in b i l aye r  d i aphragms ,  which in our  opinion is of cons iderable  p rac t ica l  in te res t .  

Ez i  
li 
l c r  i 
Pi 
AP i 
qdo. d 
q ra t  i 

r i 
Ri 
Reqi 
S 

W i 
vi 

N O T A T I O N  

is the tangential  (axial) component  of the e lec t r i c  field; 
ts the length of l ayer ;  
~s the cr i t ica l  length of l ayer ;  
~s the p r e s s u r e  at a given point; 
~s the p r e s s u r e  drop in layer ;  
ts the flow ra te  (volume flow velocity) of liquid in double diaphragm; 
is the ra t io  of qdo. d to flow ra te  during e l e c t r o o s m o s i s  in a homogeneous d iaphragm c o r r e s -  

ponding to l a y e r  i; 
is the radia l  coordinate;  
is the ave rage  radius  of pores  and radius  of capi l lary;  
is the equivalent  radius  of pores ;  
is the sect ion of diaphragm; 
is the porosi ty;  
is the l inear  velocity; 
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Z 

Ii 

~~ i 

% 

. 

2. 

3. 

4. 

5o 

6. 
7. 
8. 
9. 

= ~  in r i = Ri; 

is the axial coordinate; 
is the modified Bessel function of the i-th order; 
is the efficiency; 
is the dielectric constant of liquid; 
is its viscosity; 
is the component of electric potential of system due to excess ions at a given point; 

is the electrokinetic potential calculated by the Helmholtz-Smoluchowski formula; 
is the electrokinetic potential calculated with consideration of c~; 
is the reverse  thickness of double electr ic  layer.  The subscript i denotes that the 

value refers  to layer  i(i = 1, 2). 
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